The dynamics of a nucleate cell in shear flow is of great relevance in cancer cells and circulatory tumor cells presented in the Λ an − S parameter space, which could be tested in future experiments or numerical simulations.
Introduction
The importance of the understanding of the dynamics of biological cells such as Red Blood Cells (erythrocytes) and White Blood Cells (leukocytes) needs no elaboration. For example, the flow of RBCs (Fischer et al. (1978) ; Keller and Skalak (1982) ; Tran-Son-Tay et al. (1984) ; Pozrikidis (2003) ; Goldsmith and Morlow (2004) ; Vlahovska et al. ( , 2013 ; Dodson and Dimitrakopoulos (2011) ; Sui et al. (2008) ) and their resulting morphologies in blood stream has been well investigated. Towards this, the studies on Giant unilamellar vesicles, GUVs, in shear flow have provided a very simple model for understanding RBC mechanics. The GUVs (Lipowsky and Sackmann (1995) ) are droplets separated from aqueous exterior by a two-dimensional, incompressible, bilayer lipid membranes, and exhibit great resemblance to anucleate cells such as red blood cells (RBCs) . The inner and outer fluids are typically Newtonian.
A single unilamellar vesicle shows different steady and unsteady dynamic responses to linear shear flow which have been categorized as specific regimes of flow. These include the tank-treading regime (TT), where a vesicle is deformed into an ellipsoidal shape and orients itself at a fixed inclination angle with the direction of flow and the membrane rotates in a tank-treading manner; the trembling(TR)/Vacillating Breathing(VB)/swinging (SW) regimes, where a vesicle oscillates about a positive inclination angle and undergoes deformation as well; and lastly the tumbling (TU) regime, where a vesicle undergoes periodic flipping motion about the flow direction. These dynamical modes depend upon different system parameters such as a viscosity contrast between the internal and the external fluids, the shear rate, or more specifically the ratio of elongational and rotational component of the linear flows, and the membrane excess area. In their equilibrium as well as nonequilibrium dynamical states, the vesicles preserve their area and volume through the constraint of membrane incompressibility and membrane impermeability (fixed internal volume). Starting from Keller and Skalak (1982) who presented a first theoretical study on red blood cell dynamics in shear flow by fixing the initial shape as an ellipsoid, thereby admitting only TT and TU modes, a single vesicle under shear flow has been extensively studied in the literature using experiments (Haas et al. (1997) ; Kantsler and Steinberg (2005) ; Mader et al. (2006) ; Kantsler and Steinberg (2006) ; Kantsler et al. (2007) ; ; Deschamps et al. (2009a,b) ; Zabusky et al. (2011) ; Abreu et al. (2014) ), theory (Youhei (1995) ; Haas et al. (1997) ; Seifert (1999) ; ; Misbah (2006) ; Vlahovska and Gracia (2007) ; Mader et al. (2007) ; Danker et al. (2007) ; Lebedev et al. (2007 Lebedev et al. ( , 2008 ; Finken et al. (2008) ; ; Kaoui et al. (2009) ; Geudda et al. (2012) ; Kaoui et al. (2012) ; Abreu and Siefert (2013) ; Vlahovska et al. (2013) ; Guedda (2014) ; Abreu et al. (2014) ), and simulations (Kraus et al. (1996) ; Beaucourt et al. (2004) ; Gompper (2004, 2005) ; Farutin et al. (2012) ) to understand its highly non-linear dynamical response. The dynamics predicted by a vesicle in shear flow has been validated to be quite similar to a RBC in shear flow (Abkarian et al. (2007) ; ).
Motivated by the success of the GUV as a model system to understand RBC dynamics in shear flow, a natural choice to model nucleate cells such as white blood cells (leukocytes) is a compound vesicle (Schmid-Schonbein et al. (1980) ; Veerapaneni et al. (2011) ; Kaoui et al. (2013) ; ). A compound vesicle is a bilamellar closed vesicular system in which two vesicles are concentric and separated by an aqueous suspension.
One can then assume the inner vesicle to mimic the nucleus with the outer vesicle can represent the cell membrane.
Although the volume concentration of leukocytes in very small compared to RBCs in normal blood, their role is important in the microcirculation during blood flow and in blood rheology, especially in cancer tissues when their concentration increases significantly. Apart from the presence of a nucleus in leukocytes, their larger size (15 − 20µm) compared to ∼ 8µm of a RBCs results in a greater resistance to flow than that due to RBCs. The leukocytes show abnormal flow characteristics in patients with ischaemia (Nash et al. (1988 (Nash et al. ( , 1991 ) and therefore their study in fluid flow has attracted interest in the last few decades (Moazzam et al. (1997) ; Dong et al. (1999) ; Chang et al. (2000) ; Takeishi et al. (2014) ; Mulki et al. (2014) ).
Another instance of relevance is Circulation Tumor Cells (CTCs) (Panabieres and Pantel (2014) ; Rejniak (2012) ; Harouaka et al. (2013) ) which have structural similarity with a compound vesicle due to the presence of a cell nucleus that is surrounded by cell actin cortex (comparatively larger size greater than 8 micrometer) as compared to haematopoietic cells which have a small deformability. Their very low concentration makes early cancer detection difficult. After their detachment from the primary tumor site, they enter into blood stream to reach distant secondary sites where they again grow and form colonies. At the early stage of cancer most of CTCs travel as isolated cells after their release into flow stream and undergo shape deformation due to hydrodynamic force and shear exerted by flow stream in blood vessels during there translocation. Thus analysis of the dynamical behavior of CTCs when they take part in the circulation system as a single entity is important in early detection of cancer.
Towards this, a compound vesicle in shear flow can be considered to be a simple model to understand the individual behavior of leukocytes or CTCs under external shear flow. Veerapaneni et al. (2011) presented 2D boundary integral simulation and 3D analytical results on a compound vesicle system in which the inclusion is a highly viscous solid particle. They showed that the hydrodynamic interactions become important on increasing the size of the inclusion which increases the effective internal viscosity, subsequently leading to a TT-TU transition at much lower critical viscosity ratios as compared to single vesicles.
A strong VB or SW mode was observed when the inclusion inside is ellipsoidal. Kaoui et al. (2013) investigated the dynamics of 2-D bilamellar vesicle at low and high capillary number using the Lattice Boltzmann method and Immersed Boundary method, and investigated the effect of increasing the size of the inner vesicle on the apparent internal viscosity of the outer vesicle. Their results are in agreement with those of Veerapaneni et al. (2011) . A transition from TU to TR was reported at higher Ca, especially at higher χ. Similar simulation studies have been conducted on compound elastic capsules (Luo and Bai (2016) ) wherein, a transition from swinging to tumbling was seen to occur at vanishing viscosity mismatch through increasing the inner capsule size alone to a critical value regardless of the initial shape of the nonspherical compound capsule (i.e., prolate or oblate).
Recently, conducted the only experimental study to date on a compound vesicle under shear flow. In this work, they present the dynamics of a compound vesicle for a given set of flow parameters (S and Λ an ) when the inner vesicle size is small or large. They observed that in the TT regime, the inclination angle of the outer vesicle was lower than the inner vesicle, but the transition Λ crit an was found to be irrespective of the volume fraction. This is in sharp contrast to the studies of Veerapaneni et al. (2011) and Kaoui et al. (2013) who find sensitive dependence of the TT-TU transition on the size of the inner vesicle (χ). Although in the experiments of the Steinberg group, the TT dynamics was found to be nearly independent of the filling fraction, the TU and TR regimes were significantly affected by the size of the inner vesicle (χ). A SW mode, instead of the TR mode was experimentally observed, in agreement with simulations (Veerapaneni et al. (2011) ; Kaoui et al. (2013) ). De-synchronization and synchronization of the inner and outer vesicles was observed at lower and higher χ, respectively.
The experiments of Levant and Steinberg are few, only 6 data points are available for comparison. While the study of Veerapaneni et al. (2011) is restricted to a solid inclusion, that of Kaoui et al. (2013) uses 2-D simulations and thereby, very few simulations have been conducted in their work. It is therefore necessary to understand this very important system of great biological relevance in greater details. Several questions need answers: the discrepancy of the Steinberg's group experiments versus simulations in the TT regimes, the appearance of the SW mode, the synchronization and de-synchronization observed in the experiments of the Steinberg group, but more importantly a much more elaborate phase diagram with a wider range of Λ an and S needs to be explored.
In this work, we present analytical calculations to higher order perturbations in the membrane forces using spherical and vector spherical harmonics, akin to previous works (Danker et al. (2007) ; Lebedev et al. (2007) ; Kaoui et al. (2009); Sinha and Thaokar (2018) ).
In section two of this work we solve the Stokes equations for the fluid flow part to get, the velocity and the pressure fields in each regime of the three regions that is outer, annular and inner core and calculate the hydrodynamic (shear) stresses. A second order analysis in the small deformation regime is conducted to calculate the membrane forces due to initial asphericity of the vesicle shape. The evolution equations for the membrane surface due to advection by surrounding fluid is obtained by solving the Stokes equation with the velocity and stress boundary conditions at the two surfaces. The dynamical evolution equations are derived which predict modes such as: TT, SW, and TU. In the last section we present results which show the role of different system parameters in predicting different types of modes and their transition, and finally make some comparisons of our theory with the experimental and simulation data in the literature. As a limiting case we also discuss the condition when the viscosity of the inner vesicle is very large such that it behaves as a solid particle and compare the outcomes of this analysis with Veerapaneni et al. (2011) simulation and analytic results.
Mathematical model
The system (figure 1) consists of a compound vesicle suspended in an aqueous medium and is subjected to a linear shear flow. The imposed shear flow is defined by the velocity field
where s and ω are the strengths of the elongational and rotational component (vorticity) of shear flow in the plane of shear which is X-Y plane (for simple shear flow, s = ω =γ/2 whereγ is the shear rate). The vorticity of the imposed flow is in the Z-direction,ê x andê y are unit vectors along X and Y directions. ψ in and ψ ex are the inclination angles of the inner and the outer vesicle measured from direction of flow through the central axis,
i.e. the X axis. The initial shapes of the two vesicles, the inner as well as the outer vesicles, are quasi-spherical with excess area ∆ in and ∆ ex associated with each vesicle respectively. χ = R in /R ex represents the radius ratio of the inner and the outer vesicle in undeformed state. The fluids in each of the three regions are incompressible and Newtonian and have different viscosity: µ in , µ an and µ ex for inner, annular and exterior fluids respectively.
Their ratios are represented by two new variables: λ in = µ in /µ ex for viscosity contrast of inner and exterior fluid, λ an = µ an /µ ex for viscosity contrast of annular and exterior fluid, and λ ex = µ ex /µ ex = 1. The viscosity of the lipid bilayer membrane which bounds the vesicle is assumed to be very small (∼ 10 −9 Ns/m) and the viscous dissipation in the membrane is neglected. Our model is based on the assumption that the energy associated with the different deformation modes is much higher than the thermal energy (around 25κ b T ) and hence the effect of thermal noise is also neglected. 
Dimensionless parameters
The characteristic length scale used for non-dimensionalization is the radius of the external vesicle R ex , the time scale is the inverse shear rateγ −1 , all the stress are scaled byγµ ex , the velocity scale isγR ex , and the membrane tension is scale by κ b /R 2 ex .
Description of the velocity field
The velocity fields (u in , u an , u ex ) as well as the pressure fields (p in , p an , p ex ) in each of the regions are described by the continuity equations and the nondimensional Stokes equations in low Reynolds number limit as,
where, j = in, an, ex to represent the inner, annular and the outer (exterior) region.
The velocity fields induced (Vlahovska and Gracia (2007) ) in the three regions are given by the solution of Stokes equation (Lamb (1982) )
where coefficients C 
are the decaying harmonics in the outer region. All these unknown coefficients are determined by using the velocity continuity, the membrane incompressibility and the stress balance conditions at the two interfaces of the two vesicles. Note that viscosity in the Navier Stokes equation is accounted for the stress balance.
are the coefficients associated with the applied unperturbed external flow (when u ex = u ∞ ) and they depend on the elongational (s) as well as the rotational (ω) components of the applied flow described as
are the growing and decaying velocity eigen functions (Vlahovska and Gracia (2007) ).
Here y lm0 , y lm1 , y lm2 are vector spherical harmonics which are defined as
with scalar spherical harmonics
Solution for hydrodynamic stress
The dimensional hydrodynamic stresses in the core, annular, and external ( j = in, an, ex) regions of a compound vesicle are given by
where I is the identity matrix and superscript T represents the transpose of the matrix, p and u are the pressure and the velocity fields, respectively, and µ is the fluid viscosity. The tractions due to the hydrodynamic stresses exerted on the inner and outer surface of inner vesicle (r = χ), similarly on the inner and outer surface of outer vesicle (r = 1) are given by
with
where j = in, an, ex. The expressions for Z in | r=χ , Z an | r=χ,1 , Z ex | r=1 are provided in the Appendix A.
The pressure field in each region can also be expressed in terms of the growing/decaying harmonics since it is a solution to the Laplace equation (∇ 2 p = 0)
where A (21) to (23) gives the net hydrodynamic traction on the surface of the inner vesicle (at r = χ) due to the core fluid and the annular fluid in a matrix form as (from eq.(21) and eq. (22) 
and the tractions on the surface of the outer vesicle (at r = 1) due to the annular fluid and the outer fluid as (from eq. (22) and eq.(23) for r = 1)
For both the inner as well as the outer vesicle the components of y lm0 and y lm2 represents the tangential and the normal stresses respectively. The jump in the hydrodynamic stresses across the membrane of the two vesicles is balanced by the respective bending and the tension forces at the membrane interfaces.
Small deformation analysis and membrane stress
To describe the membrane forces in a vesicle deformed under external shear flow, the nondimensional shape of a vesicle is expanded using spherical harmonics (Y lm (θ, φ)). Any point on the surface of a vesicle is expressed as (Vlahovska and Gracia (2007) )
where f lm (t) in,ex is the time-dependent nondimensional amplitude of the deformation modes associated with the inner and the outer vesicle, respectively, and R in,ex s are the radial positions of points on the surfaces of the two vesicles. Note all length scales are nondimensionalized by R ex . The volume conservation of the fluids in the vesicles can be used to determine α in,ex in eq.(32) and are provided in Appendix C to first order approximation.
Under the asymptotic limit of small deviation from a spherical shape, the relation between the amplitude of the shape perturbation and the excess area (∆) is given by the area conservation constraint (provided in Appendix C) which results in (Vlahovska and Gracia (2007) )
where * represents complex conjugate and
From the above equations we obtain ∆ j = 2 2 f 
where
and nonuniform tension (σ nu ) i.e., σ = σ u + σ nu with σ nu = lm σ lm Y lm (θ, φ) which varies along the surface with θ and φ. The full expression for the mean curvature H and the Gaussian curvature K are provided in Appendix D and E in terms of spherical harmonics up to second order correction in the shape amplitudes. The uniform tension is obtained by using the area constraint (∆ in,ex = 0, i.e., lm a(l) f j * lmḟ j lm = 0 ) on each vesicle and the nonuniform tension is obtained by using the tangential stress balance. In the first order approximation in shape perturbation, the H(H 2 − K) term is identically zero, but the term is non-zero in the second order approximation. The tension (σ) in normal membrane stress balance contains both the uniform and the nonuniform parts while the tangential membrane stress balance contains only the non-uniform part of the tension (Appendix D and E).
Membrane incompressibility condition
The membrane incompressibility condition indicates that the surface divergence of the velocity field vanishes on the vesicle interface. That is
In more general form after expansion in a spherical coordinate system
where j = in, an, ex
The relation between the velocity coefficients are obtained by solving the above equation for the outer and inner vesicle at r = 1, χ, respectively.
Overall stress balance
At the surface of the inner and outer vesicles, the membrane stresses up to second order approximation (provided in Appendix D and E) are balanced by the jump in the hydrodynamic stress. Thus the overall tangential stress balances across the inner and outer vesicles is given by
Similarly the overall normal stress balance are 
Kinematic condition for vesicle shape evolution
A coupling of fluid stresses in the two vesicles, mediated by the hydrodynamic flow and the elastic membrane stresses due to deformation on surface of the inner and the outer vesicle results in the evolution of the coupled dynamic modes ( f 2±2 , f 20 ) of the two vesicles. The velocities of the adjacent fluids which are continuous across and normal to the vesicle surface give the evolution equation for the vesicle shape. Thus the non-linear evolution equations for the two vesicles are of the form (detailed expression is provided in Appendix G) 
Solving the above equations using the two evolution equations (43) and (44) in the inner and outer vesicle. The evolution of shape of the vesicles is more conveniently described by the inclination (ψ) of the vesicle in the flow direction and by it's elliptical deformation (R, length of long axis) under flow. This is easier described by decomposing f lm into deformation amplitudes (R in , R ex ) of the vesicles and inclination angles (ψ in , ψ ex ) of the long axis of the deformed vesicle by using
Substitution of the above equations in the evolution equations eq. (43) and eq. (44) and separating the real and imaginary parts of the two equations provides equations for the deformation (dR in /dt, dR ex /dt) and the inclination angles (dψ in /dt, dψ ex /dt), respectively. The equations are lengthy and therefore not provided in this manuscript.
However, in the χ → 0 limit one obtains the single vesicle results which are in agreement with the theoretical works (Misbah (2006) ; Lebedev et al. (2007) ).
Further substitution of R j = j 2 cos θ j in the evolution equation (where j = A j ) for dR in /dt, dR ex /dt and dψ in /dt, dψ ex /dt yields the final evolution equations in terms of the two dynamic variables ψ and θ, where θ evolution equation describes the vesicle shape and ψ evolution equation yields the vesicle orientation.
In the steady tank-treading regime, the deformation as well as the orientation of the inner and the outer vesicle is determined by equating dψ in /dt = 0, dψ ex /dt = 0.
Results and discussion
We present results for a compound vesicle in simple shear flow, wherein two vesicles are concentrically positioned at the geometric center of the coordinate system. The imposed shear flow induces deformation and flow in the outer vesicle, which, due to the hydrodynamic coupling through the annular fluid, induces deformation and motion in the inner vesicle. The size of the inner vesicle is varied from χ= 0.1 -0.9. Along with the size of inner vesicle (χ), the dynamic modes of the two vesicles depend upon three other non-dimensional parameters: the viscosity contrasts across the two vesicles λ an , λ in , (we vary λ an =1-22 while it is assumed that there is no viscosity contrast across the inner vesicle, λ in = 1) and the excess area ∆ in = ∆ ex (which we keep fixed at 0.2 for both the vesicles, within the small deformation approximation). The capillary number is varied from Ca = 0.01-2 and the flow is simple shear flow, that is the strengths of the rotational component, ω and the extensional part s are equal. The results are generated by varying the viscosity ratios and the capillary number. However, the results are presented in the parameter space used by Lebedev et al. (2007) and the Steinberg group (Deschamps et al. (2009b) ; Zabusky et al. (2011) ; ) (Λ and S ) using the relation S = 14πCa/(6
, to make easy comparisons with the experimental results of the Steinberg group. Thus although all calculations are conducted for simple shear flow they are applicable for general linear flows through this transformation. All the results are presented in the non-dimensional parameter space of λ an −Ca or Λ an − S . The value of Λ in is not varied or discussed. Such an approach is necessary since unlike Lebedev et al. (2007) , where the evolution equations have dependency on only two independent parameters, S and Λ, the complexity of the lengthy equations in the case of a compound vesicle does not admit a natural appearance of these two independent parameters.
We also highlight the difference between the results obtained when the higher order spherical harmonics are either introduced, or not, in the membrane forces, similar to Lebedev et al. (2007) , and Noguchi and Gompper 
Figure 2: Variation of inclination angle of the outer (black) and the inner (red) vesicles with time for λ in = 1, ∆ in = ∆ ex = 0.2, Ca = 1 using the higher order theory.
flow direction (fig 2-b ,e,h,k). We call this the "ORTT (oscillatory relaxation to tank-treading)" mode, in line with Lebedev et al. (2007) . This is uniformly observed across all the χ considered in this study. For still higher values of λ an (Λ an ) (fig 2-c,f ,i,l) and for small χ, the outer vesicle undergoes a transition to TU regime since at a low χ, it is akin to a single vesicle with viscosity contrast beyond its critical value. As the size of the inner vesicle, χ is increased, the outer vesicle shows transition from TU to SW regime, followed by the ORTT regime for high χ value. The inner vesicle on the other hand exhibits SW at low χ and undergoes a transition to ORTT as χ is increased. Thus, at higher values of λ an (Λ an ), the dynamics of the inner and the outer vesicle is dependent upon the size of the inner vesicle (χ) and the two vesicles can exhibit different dynamical regimes. It is pertinent to re-emphasize here that the variation of λ an , allows us to realise different values of Λ an . The leading order theory (Appendix H- fig 11) predicts similar results as the higher order theory for small λ an (Λ an ) (fig 11-a,d ,g,j) but shows a highly suppressed ORTT regime, restricted to only very high χ. The swinging regime is also suppressed. This is in accordance with the linear order theory for single vesicles, which also shows an absence of the TR regime for instance. Apart from these regimes a new mode, called "IUS", appears at intermediate χ values (this mode is discussed in subsection 2.8.3). Figure 3 shows the summary of these regimes as a schematic presentation for various dynamic modes of the inner and the outer vesicle from higher order theory.
Tank-treading regime
We now discuss in detail the TT regime, wherein figure 4 shows the variation of the inclination angles of the inner and the outer vesicle as predicted by the higher and the leading order theories (Appendix H-fig12). The higher order theory (fig 4a) shows that : (1) The inclination angles of both the vesicles decrease with an increase in Λ an for a given χ which is in accordance with the single vesicle theory. (2) The inclination angle of the inner vesicle is always higher than that of the outer vesicle for any Λ an and χ. The Λ an at which the ψ becomes zero is termed the critical Λ crit an for transition of the system from TT to another Similar to the higher order theory, the leading order theory (Appendix H-fig12) also shows that the inclination angle for the inner vesicle is higher than the outer vesicle for any χ, while the critical Λ crit an decreases with χ.
It is appropriate here to verify the similarity of results presented on λ an − Ca plots with ∆ ex as a variable, with the results on Λ an − S , where ∆ ex is absorbed in Λ an and S (fig 4a,b,c) . Towards this, results are generated with different excess area of the vesicles. It should be noted that the excess area in our study is the same for the inner and the outer vesicle. When the excess area is reduced systematically, ∆ ex = ∆ in = 0.2, 0.1, 0.01 (fig 4a,b,c) , the results on the Λ an scale seem to be insensitive to ∆ in,ex if they are represented with Λ an and S as parameters (which absorbs ∆ ex ). Fig 4d shows a combined plot where data using all the three excess areas are plotted together and substantiates the insensitivity of the ψ vs Λ an behavior to ∆ ex . Effect of excess area on inclination angle of two vesicle is also plotted in Appendix H-fig13 for low and high λ an in the TT regime. The figure shows that the inclination angle varies weakly with excess area at low λ an while a much stronger decrease in inclination angle with excess area is seen at higher λ an . The difference angle ∆α = ψ in − ψ ex in in the TT regime is shown in figure   5 and shows that the difference increases with an increase in Λ an and then plateaus or decreases at still higher Λ an , On the other hand the difference angle ∆α increase with a decrease in ∆ in,ex and a decrease in χ. This indicates that stronger hydrodynamic interaction (at higher χ, higher Λ an ) leads to a strong coupling of the motion of the two vesicles and thereby lower ∆α. Similarly, a stronger rotational component of shear (Λ an ) tends to increase the difference angle between the vesicles.
Discussion on compound vesicle phase diagram
A single vesicle undergoes transition to TU and TR regimes on change of Λ and S . To understand the dependency of the different regimes of vesicle dynamics on the Ca (plotted here as S ), a higher order theory needs to be At an intermediate χ (fig 6b) , the two vesicles show similar phase boundaries except the SW-TU (IUS) transition. With an increase in χ, the phase boundaries seem to shift counterclockwise, thereby promoting the ORTT regime, and restricting the TU and the SW regimes to lower regions of the phase diagram. For the outer vesicle,
ORTT-SW and SW-TU phase boundaries are inclined, therefore a transition from SW to TU can be affected by an increase in S (Ca), e.g. at Λ an =1.6, a transition to TU can be seen at around S =12. This bears some resemblance to the results of Kaoui et al. (2009) indicate that the TT regime is observed at high S and small Λ an , the TR regime is at lower S and higher Λ an , while the TU regime is at much higher Λ an and lower S . These seem to be the general features of the 6 experimental conditions reported by the Steinberg group Another way to present the dynamics is on a phase diagram with Λ an and χ as coordinates using both higher (( fig 7) and linear order theories (Appendix H-fig 15) . For a given S (or Ca) (fig 7) the phase diagrams of the two vesicles are identical in the TT regime, as well as for all the regimes at higher χ. At intermediate χ though, the vesicles can be in different regimes at the same Λ an and S , for e.g. while the outer vesicle can exhibit TU, the inner can admit SW, as discussed earlier, and which is also in accordance with the experiments of the Steinberg group ). A significant difference is seen between the leading order and the higher order theories. Expectedly, the linear theory (Appendix H- fig 15) does not admit the SW regime. Moreover, the leading order theory does not show dependence on the capillary number (or S) and can therefore be considered to be the limiting case of (S =0 or Ca=0) the higher order theory.
Desynchronization in tumbling regime
An important observation was made by the Steinberg group ) in their experiments in the TU regime at various sizes of the inner vesicle (χ). It was observed that the dynamics at low χ is de-synchronized. Specifically, the angle ∆α = ψ in − ψ ex changes with time. However at a higher χ, a perfect synchronous dynamics was observed between the inner and the outer vesicles in the TU regime. Our calculation are presented in fig 8b which shows the ∆α for the TU dynamics (of both the vesicles) shown in fig 8a at low χ.
The figure indicates that the difference angle is nearly constant over time at low S (or Ca). However in the small χ limit, at a slightly higher S , while the outer vesicle shows TU, the inner vesicle undergoes transition to IUS (fig   8c) . Therefore, ∆α (fig 8d) in this case significantly fluctuates. Thus the difference angle (∆α) is highly sensitive to the S in the low χ regime. On the other hand, our calculations show that the angle ∆α in the high χ regime (fig   8e,f) , although not equal to zero, (unlike the experiments by the Steinberg group) fluctuates weakly, and appears synchronized. 
Compound vesicle shape deformation

Limiting case: Inner vesicle as a solid inclusion
To validate our theoretical model with the results of a compound vesicle with a solid inclusion (Veerapaneni et al. (2011) ), the viscosity of the inner vesicle is increased significantly. In such a system the high viscosity ratio across the inner vesicle renders it into the TU regime for all capillary numbers. The outer vesicle then shows different dynamical modes. Figure 10a ,b shows the variation of the inclination angle of the outer vesicle with viscosity contrast across it.
The figure indicates that for any given λ an , the inclination angle of the outer vesicle decreases with an increase in the size of the inner vesicle (fig 10a,b) which is in agreement with literature predictions (Veerapaneni et al. (2011) ).
However, a quantitative agreement is not seen with the results in Veerapaneni et al. (2011) . While This could be attributed to realising a rigid sphere as a limiting case of the viscosity of the inner vesicle going to infinity.
Conclusions
In this work we present an elaborate investigation of the dynamics of a compound vesicle in shear flow. Our results are in a fair qualitative agreement with the few experimental data presented by . The primary cause of quantitative discrepancy could be the high excess area of the vesicles in the experimental study.
Our study though is restricted to small excess area which is used as a perturbation parameter. Our results indicate that the inclination angle of the outer vesicle has a weak dependence on the size of the inner vesicle (χ), while the inner vesicle shows much higher sensitivity in the TT regime. The inclination angles of both the inner and the outer vesicle decrease with Λ an , such that the critical Λ A Expressions for Z i in the normal hydrodynamic stresses
B Coefficients in expression for pressure
C Curvature and membrane stress calculations for inner and outer vesicle upto first order spherical harmonic approximation
The surfaces of the outer and inner vesicles are defined by,
respectively.
From the volume conservation, we get (r The volume conservation yields
and
Unit Normal Calculation
The surface of a vesicle is described by,
where the surface function is defined as
the gradient of surface function is given by
such that for outer vesicle (r = 1)
and for the inner vesicle (r = χ) 
for inner vesicle
yields
Curvature Calculation
Outer vesicle curvature
The inner vesicle curvature
Membrane Stress Calculation
The total membrane stress (here, over-bar presents dimensional quantities)
The normal stress term, from eq. 75
Non-dimensionalization of membrane stress byγµ ex , i.e,τ m = τ m (γµ ex ), curvature by R ex , i.e.,H =H ex /R ex , and
where Ca =γ
The tangential stress term, from eq. 75
D Curvature and membrane stresses for the outer vesicle up to second order approximation in the spherical harmonics
The mean curvature is given by
The Gaussian curvature
where F(θ, φ) = l=2 
E Curvature and membrane stresses for the inner vesicle up to second order approximation in the spherical harmonics
The mean curvature for the inner vesicle
The Gaussian curvature for the inner vesicle
From eq. 35, the non-linear term in the normal stress, that is (H 3 − KH) can be written in terms of spherical harmonics associated with Y 2−2 , Y 20 , Y 20 mode using eq. 87 and eq. 88 as From eq. 35, the normal membrane stresses on the inner vesicles for all the three modes (m = −2, 0, 2) become,
From eq. 36, the tangential membrane stress on the inner vesicle for all three modes (m = −2, 0, 2) in terms of non-uniform tension (σ 
Solution of the above three equations gives the nonuniform tension in the outer vesicle for each mode
Tangential stress balance on inner vesicle
λ an τ h,an
Solution of above three equations gives the nonuniform tension in the inner vesicle 
Normal stress balance ( j = −2, 0, 2) on the inner and the outer vesicle
By solving these two simultaneous equations (one from inner and another from outer vesicle) for each mode, we get the expressions for C 
For j = 0 mode
For j = 2 mode
The final expressions for the normal velocity components of the inner and the annular fluid are too long and so are not provided in the manuscript, but can be easily obtained from the relationships mentioned above.
G Final shape evolution equation
After knowing the normal velocity components for the inner and the annular region (C g 2 j2 , C ga 2 j2 ) from Appendix F, substituting them into eq. 43 and eq. 44 in section 2.7 of the manuscript.
For outer vesicle from eq. 44 (∆ in = ∆ ex = 0.2, λ in = 1) using leading order theory. All legends presents transition from bottom to top.
